theory of the unitary irreducible representations of the unitary group SU(2) is reviewed with the objective of demonstrating the fundamental role that the umbra1 calculus and combinatorics play. For the physicist, the study of the group SU(2) is synonymous with the theory of angular momentum in quantum theory, and Kronecker products of irreducible unitary representations comprise the mathematical apparatus for building composite systems from simpler constituents. The Clebsch-Gordon coefficients, which are essential to the binary theory of composite systems, are shown to have an umbra1 calculus origin. MacMahon's master theorem is shown to be the basic result for generating the mathematical quantities needed for bringing comprehension to the properties of composite systems. @ 2001 Elsevier Science Ltd. All rights reserved.
BACKGROUND IN ANGULAR MOMENTUM THEORY
The quantum theory of angular momentum is the physicist's version of the properties of the unitary irreducible representations of the group of complex 2 x 2 unitary unimodular matrices, denoted SU (2) . This theory has applications across almost all areas of quantum physics. In the third foundational paper of quantum mechanics in 1926, Born, Heisenberg and Jordan [I] not only gave the basic commutation relations for the components of the total angular momentum J = ( Jz, Jp, Jz) of a physical system, but also determined all finite-dimensional Hermitian matrix representations of these operators. Dirac simultaneously deduced these basic commutation relations using his algebraic approach to quantum mechanics, and later gave a marvelously brief derivation of their matrix representation in his book [2] .
Most of this mathematics had been discovered and developed earlier by Lie [3] and Cartan [4, 5] , work of which physicists of the day were apparently unaware. The invariant theory of Clebsch [6] , Gordan [7] , and Young [8] , and others also had no influence in the early developments of quantum theory, although Weyl [9] valiantly attempted to correct this in his 1928 book Gruppentheorie und Quantenmechanik, but his work was mostly ignored by physicists of the time. It was Wigner [lo] and Racah [ll-151 who initiated the application of Lie algebraic and symmetry methods into quantum physics and chemistry in a style that was eventually adopted by physical scientists.
Much of the content of the quantum theory of angular momentum may be organized under three fundamental results, which we state, not in the customary language of Lie algebra, but directly in terms of representation theory. This latter approach is better suited for the connections we make with combinatorics and the umbra1 calculus.
FIRST FUNDAMENTAL RESULT. Define polynomials in the elements of U = (uij)ili, 3sz E SU (2) where j E {0,1/2,1,3/2,.
. . . specifies the values j(j + 1) of the square of the angular momentum operator J2 = Jz + Ji + J," that will be found in a measurement of this quantity, and quantum number m = j, j -1,. . . , -j specifies the values of the component J, that will be found in a simultaneous measurement of this quantity. The following three properties are what characterizes these groups of matrices as unitary representations of SU(2) : Dj(12) = 1zj+i, 1n = unit matrix of order n; Dj(UU') = Dj(U)Dj(U'), all pairs U,U' E SU (2) ; Dj(U) (Dj(U))+ = 12j+l, where t denotes Hermitian conjugation.
Let us note briefly how this fundamental result enters into quantum theory. The states of a physical system in quantum mechanics are described by a set of functions H = {Q', Q', q", . . . } that are elements of a Hilbert space H; that is, a linear vector space with an inner product ( , ). It is a consequence of the fact that the group SU(2) is the covering group of the group of rotations in physical space R3 that the Hilbert space associated with every physical system in R3, which may also have constituents with an internal SU(2) symmetry group, must split under the action of the group SU(2) in H into a direct sum, H = cj @njHj of perpendicular subspaces Hj of dimension One can always arrange that, for each Qj,, E Bj, this action is given by For a given physical problem, one must specify in more detail than given above, the definition of the action of the group SU(2) in the Hilbert space H. This is usually done by specifying the action of the group on the underlying coordinates over which the functions in H are defined.
Thus, for P = {p} = d omain of definition of functions in H, we have: the action of SU (2) in
each p E P; the action of SU (2) 
where the number ej,j2j has values in accordance with the Clebsch-Gordan series rule:
1, forj=jl+j2,j1+j2-1,...,lj1-j2I, %2j = 0, otherwise. m =j, j -1,. . . ,-j.
The WCG coefficient is defined to be zero unless ml + mz = m, and unless the triple (ji, j2, j) satisfy the Clebsch-Gordan series rule given above, sometimes called the triangle rule. It is often believed that the WCG coefficients enter into the theory of angular momentum through the Second Fundamental
Result given above. Actually, they enter in a more fundamental way, which reveals more comprehensively their relationship to the umbra1 calculus. The elements of the orthogonal matrix C(jljs) are given in the angular momentum C-not- 
where the relation between notations is given by The physical reason for the importance of the Second Fundamental Result given above is that it provides the mathematical apparatus for describin g the total angular momentum states J of a composite quanta1 system built-up from two systems with parts having angular momentum Ji and J2, respectively. It is the first step in a binary theory of constructing the total angular momentum states J of a system from 1% constituent parts, each with an angular momentum Ji. The third fundamental result relates to this binary theory, but we need to introduce further mathematical entities before stating the result. We state the preliminary problem here.
REDUCTION OF MULTIPLE KRONECKER PRODUCTS.
Using repeatedly the reduction rule into irreducibles given by carry out in all possible ways the reduction of the Kronecker product of n + 1 irreducible repre-
sentations
The solution of this problem depends on the number of ways one can carry out binary insertions of n parenthesis pairs into the product of n + 1 symbols. Moreover, since there are (n + l)! ways of arranging the symbols, the number of ways of carrying out this reduction is given by
It is in this way that the famous Catalan numbers c, enter into any binary theory of composite systems with n+ 1 constituent parts, here in the context of angular momentum theory, but clearly in a more general framework as well.
We address this binary theory of composite systems in Section 2, but let us complete the description of the second fundamental result by giving an umbral derivation of the ClebschGordan coefficients, after first introducing some unifying notations that are useful for this purpose and in the subsequent sections. where M&k is the set of 2 x 2 magic squares with row and column sums equal to k, hence, each B E hfz,k has the form B = , k = kl + kz. The umbra1 mapping is
In terms of the umbra1 notation, we have (A) = evalA det ZA2.
THE BASIC POLYNOMIALS AND THEIR COMBINATORIAL PROPERTIES
In this section, we generalize the functions given in (2) to polynomials in n2 indeterminates arranged in an n x n matrix 2 = (zij)i<i, jln. These are the basic polynomials whose properties we investigate, leading to some quite interesting results that bring the representation theory of groups under the purview of combinatorics. We given the definition of these polynomials, summarize some of their properties, as presented in the items below, and then show in Section 3 their fundamental role in the binary theory of angular momentum. 
6. Multiplication property of D-matrices:
Dk(XY) = Dk(X)Dk(Y), for any two n x n matrices X and Y.
The D-matrices D(Z) are formed from the functions Da,p(Z) by using, say, lexicographic order on the compositions (Y, p t k. The dimension of these representation matrices is given by ("',"-').
We have given a purely combinatorial proof of the multiplication property D"(XY) = @(X)D"(Y).
The details of the proof, which we do not have space for here, are given in [19] , but let us note its fundamental character. It is the result of a certain identity among multinomial coefficients, which, itself, is a consequence of distributing k distinct colored objects, each of which carries a color pair (i, j), i,j = 1,2,. . . , n, into n2 cells, where aij objects have color pair (i, j).
Thus, the reason that the multiplication rule is insensitive to the meaning of the entries of the matrices 2 and Z', as long as they commute, is purely combinatorial. The multiplication property given under items (7) and (9) These polynomials are special cases of the more general polynomials discussed in [19, that are labeled by a partition X = (Xi, As, . . . , A,) and by double standard tableaux, or equivalently, by double Gelfand patterns. Here the partition is (k + I, 1,. . . , 1) with CY and ,D corresponding to the content or weights of the standard tableaux or double Gelfand patterns.
It is a rather unexpected result that these polynomials, which yield this special class of inequivalent irreducible representations of the unitary group U(n) under the restriction Z + U, should at the same time be the underlying functions entering into Schwinger's [24] theory of the coupling of angular momenta and MacMahon's master theorem [25] , as we summarize next.
The Schwinger and MacMahon
Master Theorems (12), and he gave the differential operator result as being equal to l/det(I -XY) only for the case of X and Y skew symmetric matrices. The equality of the middle term in (12) to l/det(I -XY) is MacMahon's result, slightly extended [32] , since he gave the result only for the case where X is a diagonal matrix. More details on this with references to the literature can be found in [19, 34, 35] . Another important result that can also be extracted from Schwinger's report is the following, although it is presented in a very obscure way. For A and B any two n x n skew symmetric matrices, det(I -AB) is a perfect square.
The significance of this result for properties of reducing multiple Kronecker products was reported in [34] , and a full proof given in 1191, using the concept of a double Pfaffian and combinatorial methods.
It is useful to recall the definition of the Pfaffian pf(A) for an n x n skew symmetric matrix A with n even: containing an even number of elements.
It is clear that pf(A, B) = pf(B, A).
The precise answer to Schwinger's result may now be stated. Let A and B be two n x n skew symmetric matrices. Then, we have the following identity:
More details can be found in [19, 34, 35] . The results outlined here on the Schwinger and MacMahon generating functions, the notion of the Pfaffian, and of the double Pfaffian are of considerable interest in their own right from the viewpoint of combinatorics and group representation theory. We refer to the literature [37-391 for further discussion of the Pfaffian. One of the important applications to physics is to the theory of a class of N (2) invariant functions known as recoupling coefficients, a subject to which one is naturally led in considering the binary reduction of multiple Kronecker products.
BINARY TREES AND THE REDUCTION OF MULTIPLE KRONECKER PRODUCTS
Labeled binary trees are the natural objects for encoding in a systematic way the information on how one effects the reduction of multiple Kronecker products. We describe briefly this correspondence. A binary tree having n internal points may be thought of as being built from n forks. Depending on whether the three points constituting a fork are internal or terminal points, we depict the forks as follows.
A l represents an internal point of a binary tree and a o represents a terminal point. For example, the (1/4)(z) = 5 b inary trees containing three forks are the following.
Next, we describe how labeled binary trees are used to describe binary angular momentum coupling schemes. We denote the set of unlabeled binary trees with n forks by T,, so that the cardinality is the Catalan number, lTnl = c,. We label each binary tree in the set T, by the following rule, which we adopt as the standard labeling. The forks of the tree are ordered 1;2,..., n by the following rule. . . An':1 . > Once this standard assignment is made, one-to-one with the trees in the set T,, we then allow the external points to be relabeled by any permutation II(A) of the columns of ;d,. Thus, we obtained exactly (2n)!/n! labeled binary trees, which we denoted by Each labeled fork in a labeled tree is used to encode or represent a WCG-coefficient, as is shown below.
At each level read the forks sequentially from left to right. Beginning at the highest level of forks, label the roots of each successive fork by
In this association of a labeled binary tree to a WCG coefficient, the o may be either a l or a o, depending on the binary tree. If o = 0, then the corresponding a or b is an internal angular momentum label, that is, one of the Icr; if o = 0, then the corresponding a or b is a terminal angular momentum label, that is, one of the jl. The assignment is, of course, uniquely made from the explicitly labeled binary tree. Thus, with each such labeled binary tree, we associate the binary WCG-coeficient defined by
03)
where Cf8 is the WCG coefficient assigned to fork i. An example of this that makes the general rule clear is as follows.
i2m2 i3m3
Note that the pi are fully determined in terms of the rni by the sum rule on the projection quantum numbers, which shows an important feature of the notation: the Q sequence is redundant because of the sum rule for the zeros of a WCG coeficient, hence, each qi is a unique linear combination of certain of the mi. Despite this redundancy, we will use this notation for clarity.
The corresponding product of D-functions, in which the binary rule for pairs is effected in all possible ways, (2n)!/ n! in number, is expressed by in which J,, = ji + ~'2 + . . + &+I, ml + rn2 . . . + m,+l = m, nzi + ml . . + mL+, = ,m', and jmin is determined uniquely by the triangle relations of the labeled binary tree.
This result, which is mostly notational in content, solves the problem of reducing the direct product of multiple copies of the D-functions. It is in the study of the properties of the coefficients (13) that the interesting mathematics begins, as discussed in the following sections. We conclude this section by noting several identities originating from (6) . The left-hand side of (14) is, of course, independent of the order of the factors, which implies the identity for arbitrary trees T, T' E T, and arbitrary permutations II, II' E &+I. In this relation, we now use the binary WCG orthogonality relations, twice, once for the binary WCG coefficient associated with the binary tree T and once for the one associated with the binary tree T', to obtain the following result: (16) is important for it establishes that the summation M over binary WCG coefficients is independent of the projection quantum number m. It is useful to pursue this result from another point of view.
COUPLED ANGULAR MOMENTUM POLYNOMIALS
We The inner product of two such functions defines what is called a recoupling coefficient, which is seen to be exactly the coefficient defined in (16):
As seen from (16), the inner product is independent of m, and of each U E SU (2) . (2) invariant under the action of the diagonal subgroup, as defined explicitly by the inner product. The complete classification of these invariants is an unsolved problem. We consider some of their properties in the remainder of this paper.
The bracket coefficient {T[II(J)Kj] ]I T'[II'(J)K'j]} as an SU

PROPERTIES OF THE SU(2) INVARIANT RECOUPLING COEFFICIENTS
The invariants defined in (19) , the bracket coefficients defined on pairs of binary trees, are called recoupling coeficients in the physics literature, and are very important in the quantum mechanics of composite systems, considered as being built-up pairwise from simpler constituent systems. Because of symmetries of the WCG coefficients themselves, such as C&$i,,, = (-l)jl+j~-jC~$,$~,, some of the invariants are trivial phase factors.
We require two definitions before giving the main results. Each element of the matrix A(H) is a monomial with coefficient + of degree less than or equal to n in the elements of the 3 x n array H of indeterminates given by (20) 
= det (I + A(H)
These results are reformulations, nontrivial extension, and interpretations of results found in Schwinger [24] . They are discussed in greater detail in [35] . Result I can be found in Sclwinger for n = 2 and partially for n = 3. Result II is new, and it is quite surprising that the polynomials L&(Z), defined and discussed in Section 2, not only give unitary irreducible representations of U(n) when specialized to 2 = U E U(n), but also are the generating function for the binary WCG coefficients when specialized to the skew symmetric matrix associated to a binary tree. We have written the final form (25) such that no radicals appear, all such radicals being included in the recoupling coefficient (27) , which, in addition, involves only the integer which is provided by expanding the left-hand side of (25) for each pair of labeled binary trees being considered. The derivation we have given of the general generating function (25) shows its fundamental origins in MacMahons's master theorem and the double Pfaffian. While complicated in form, its basic structure is quite comprehensible. It constitutes a major result for our continuing study of the classification of all recoupling coefficients. Work in progress includes the following.
1. CUBIC GRAPHS. There is a mapping of pairs of labeled binary trees into the set of labeled regular cubic graphs on 2n points [21, 22, 35, 40] . This is the key result for the study of the classification problem of the SU(2) invariant recoupling coefficients, whose resolution is based on determining the number of "independent" 3n -j coefficients. In this regard, it is important to realize that the generating function (25) yields directly [40] such 3n -j coefficients in a form that has effected the summation over Clebsch-Gordan coefficients. It is useful to illustrate this point explicitly in the simplest case. The generating function gives a sum over the monomials UA/A! entails only SU(2) WCG coefficients and a purely combinatorial factor involving sums over cubic arrays of nonnegative integers. This is developed in some detail in [35] . The implication of this result is clear for constructing the general U(n) unitary irreducible representations DA(U) corresponding to partitions of X = (A,, AZ, . . . , A,,, 0, . . . , 0) with m nonzero parts from the WCG coefficients of U(m), and a combinatorial factor. In particular,
we can now understand completely the situation for SU(3), as discussed also in [40] .
Finally, we conclude this paper by noting the Third Fundamental Result and stating the Fourth Fundamental Problem, which remains unsolved.
THIRD FUNDAMENTAL RESULT.
Each nontrivial SU(2) invariant recoupling coefficient is a sum over 6 -j coefficients.
The proof of this result leads us deeper into the analysis of these invariants than space allows. Let us note, however, that one is led into an algebra of the operations of association and commutatiou of the labels of subtrees in transforming a given labeled binary tree into another labeled binary tree, which has yet to receive definitive treatment [21, 22, 40] .
FOURTH FUNDAMENTAL
PROBLEM.
The determination of all "independent" 3n -j coefficients in terms of the basic 6 -j coefficients, where the meaning of the term "independent" is to be given precise definition.
